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1. Use the Method of Characteristics to solve the following initial value problem.

∂U

∂t
+ 2

∂U

∂x
= 0 .

U(x, 0) =



























6x 0 ≤ x ≤ 1

0 x < 0, x > 1 .

Draw an xt diagram showing a sample of characteristics, each labelled with its

magnitude, U(x, t).

[5 marks]

2. Using the Method of Characteristics, derive an implicit solution to

xU Ux + y U Uy = −(x2 + y2)

where U ≡ U(x, y).

[5 marks]

Continued . . .
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3. The following equation is D’Alembert’s solution to the infinite one-dimensional

wave equation, Utt(x, t)−c
2 Uxx(x, t) = 0, due to an initial velocity g(x) and initial

displacement f(x).

U(x, t) =
f(x+ c t) + f(x− c t)

2
+

1

2 c

∫ x+c t

x−c t

g(s) ds . (1)

If the domain is semi-infinite with the homogeneous fixed boundary condition

U(0, t) = 0, equation (1) still holds for x > c t.

Show that for x < c t the solution becomes

U(x, t) =
f(x+ c t)− f(c t− x)

2
+

1

2 c

∫ x+c t

c t−x

g(s) ds .

[10 marks]

4. Use separation of variables to solve the following nondimensionalised heat equa-

tion problem
∂U

∂t
=

∂2U

∂x2
, 0 < x < 1, t > 0 ;

with initial and boundary conditions,

BCs : U(0, t) = 0 , t > 0 ;

∂U

∂x
(1, t) = 0 , t > 0 ;

IC : U(x, 0) = 100 sin
(

3πx

2

)

, 0 < x < 1 ;

[10 marks]

Continued . . .
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5. Use Frobenius’s Method to obtain the first of two linearly independent solutions

to

3x
d2y

dx2
+
dy

dx
− y = 0 .

Notes:

• Assume the singular point is regular.

• Ensure you determine the recurrence relationship.

• Give your answer in as simplified a form as possible. As a reference, the

second of the two linearly independent solutions is

y0 = x0
(

1 +
∞
∑

n=1

xn

n! (1× 4× 7× . . .× (3n− 2))

)

.

[10 marks]

6. Construct a Green function then use it to solve the following nonhomogeneous

two point boundary value problem having homogeneous Dirichlet boundary

conditions.

y′′ = −f(x) = x2 , x ∈ (0, 1)

y(0) = y(1) = 0.

[10 marks]

Continued . . .
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7. Solve the following nonhomogeneous wave equation problem

∂2U

∂x2
−

∂2U

∂t2
= π, 0 < x < 1, t > 0 ;

with initial and boundary conditions,

BCs : U(0, t) = 0 , t > 0 ;

U(1, t) = π , t > 0 ;

IC : U(x, 0) = f(x) , 0 < x < 1 ;

Ut(x, 0) = 0 , 0 < x < 1 .

Let U(x, t) = y(x, t) + ψ(x).

[15 marks]

END OF EXAM PAPER
































